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This paper considers the dynamics of cheap talk interactions between an oblivious receiver and a
sender with different amounts of information. Even though it may seem that having additional infor-
mation about the state of the game is always beneficial to the sender, we show that there are cases in
which garbling the information of a fully informed sender can improve not only receiver’s utility in
equilibrium, but also that of the sender herself. We also provide efficient algorithms that output the
optimal amount of information in sender-receiver scenarios with binary actions and extend some of
these results to settings with multiple senders and one receiver.

1 Introduction

Consider a cheap talk interaction between a seller and a buyer in which the seller has in its possession an
art piece that could be one of the following three types:

* An original (OG).
* A fake that is almost indistinguishable from an original (IF).

* A fake easily distinguishable by an art expert (DF).

The buyer wants to buy the piece only if it is an original. The seller wants to sell it only if it is of types
OG or IF, since otherwise it is highly likely that she will eventually lose reputation for selling fakes
(even if the buyer cannot tell right away). If the item is not sold, both agents get O utility. Instead, if the
buyer buys the item, the exact utilities are shown in the following table.

Type || Seller | Buyer
oG 1 1
IF 1 -5
DF -5 -5

Suppose that, initially, the item is equally likely of being of type OG, IF and DF. Moreover, assume
that the seller is an art expert, and thus can distinguish between types OG and DF, and also that she
knows if the item is a fake or not from the source (which means that she can distinguish between all three
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2 Optimal Information Design

types). Suppose that the buyer is an art collector, but not necessarily an art expert (i.e., the buyer has no
information about the item’s type). It is easy to check that, in this scenario, the only Nash equilibrium is
the one in which the buyer never buys the item, giving both agents 0 utility. To see this, note that, if the
seller could convince the buyer to buy the item in some cases, she would definitely do so whenever the
item is of type IF, giving the buyer a strictly negative expected utility.

Consider an identical scenario but in which the seller is not an art expert. This means that the seller still
knows if the piece is a fake or not from the source but, whenever the item is fake, she can’t tell how
good of a fake it is (i.e., she can’t tell if it is of type IF or DF.) Here, there is a Nash equilibrium that
gives % expected utility to each agent in which the seller signals if the item is an original or not, and
the buyer buys it only if it is original (note that the sender does not want to sell the item whenever it
is fake). Thus, in this example, the receiver is better off by not being knowledgeable about art. This
raises the natural question of, given a general sender-receiver setting, determining the optimal amount
of knowledge that the sender must have in order for her (resp., the receiver) to maximize her expected
utility in equilibrium. More precisely, we start with a setting in which the sender has full information
about the state of the game, and our aim is constructing an information filter that garbles the information
that is disclosed to the sender in a way that the best equilibrium of the resulting game gives her (resp.,
the receiver) the maximum possible utility. In this paper we focus on constructing such filter in a setting
with binary actions. In particular, we provide O(klogk) algorithms that output the optimal disclosure of
information to the sender, where & is the number of states. If we restrict our attention to the best possible
equilibrium for the receiver, we also provide an efficient algorithm when there are multiple senders that
are equally knowledgeable. A perhaps surprising property of our setting is that, in the example above,
the fact that both players can simultaneously increase their utility is no coincidence. In fact, we prove
in our analysis that, if the sender can increase her utility by garbling her information, the utility of the
receiver increases as well (see Proposition [3)).

1.1 Related Literature

Restricting the information available to the sender has been increasingly gaining traction in the com-
munity. Most notably, Bergemann, Brooks and Morris [3] considered a buyer-seller setting and studied
possible ways to limit the seller’s information. In their work, they characterized the set of all pairs of
possible utilities achievable in equilibrium. In particular, they provide an algorithm that achieves the
optimal way to limit the seller’s information to maximize the expected buyers’ utility. Ichihashi [9] con-
sidered a Bayesian persuasion setting and studied how the outcome of the interaction is affected when the
sender’s information is restricted. One of their results is that, if the receiver restricts sender information
in a pre-play stage, the best utility that the receiver can get in this setting coincides with the one that the
receiver would get in the “flipped game”, where the receiver persuades the sender. We study a similar
problem, except that in our case agents have no commitment power. Other papers have studied settings
with limited communication between the sender and the receiver both in the context of common-interest
coordination games [4} 6] and cheap talk models [[10} [8]. Restricting the information available also be-
came quite relevant in the context of moderating large language model models in order for them to avoid
producing undesirable responses in some prompts [14} 13| [7]. Our underlying model is also similar to
that of Bayesian persuasion [[11]], especially when the sender has no commitment power [[12, 5. [1} 2.

The rest of the paper is organized as follows. In Section[2]we introduce the main concepts and definitions
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used throughout the paper. In Section [3| we state our main results regarding the computation of the best
filters in sender-receiver games with one and two senders. These results are later proved in Sections [
and[5l We end with a conclusion in Section [6]

2 Basic Definitions

2.1 Information Transmission Games

An information transmission game involves a sender s and a receiver r, and is defined by a tuple I' =
(A,Q,p,M,u), where A = {ay,...,as} is the set of actions, Q = { @y, ..., ®,} is the set of possible states,
p is a commonly known prior distribution over Q that assigns a strictly positive probability to each
possible state, M is a finite set that contains the messages that the sender can send to the receiver (M is
usually assumed to be finite), and u : {s,r} x Q x A — R is a utility function such that u(i, 0,a) gives
the utility of player i (where i is either the sender or the receiver) when action a is played at state @. Each
information transmission game instance is divided into three phases.

* Phase 1: A state @ € Q is sampled according to the distribution p and is disclosed to the sender.
* Phase 2: The sender sends a message m € M to the receiver.

* Phase 3: The receiver plays an action a € A and each player i receives u(i, @, a) utility.

Given an information transmission game I' = (A, Q, p, M, u), a strategy profile & for I" consists of a pair
of strategies (0y, 0,) for the sender and the receiver, where oy is a map from Q to distributions over M
(which is denoted by A(M)), and o, is a map from M to A(A). We say that G is a Nash equilibrium if no
player can increase its utility by defecting from 6. More precisely, if we denote by u;(3) the expected
utility that i gets when players play G, then & is a Nash equilibrium if u;(6_;, 7;) < u;(3) for all players
i € {s,r} and all strategies 7; for i.

2.2 Information Aggregation Games

Atahigh level, information aggregation games are information transmission games with multiple senders.
For a rigorous definition, an information aggregation game consists of a receiver r, and a tuple I' =
(S,A,Q, p,M,u) where S = {s1,s2,...,s¢} is the set of senders and A = {qay,...,as}, Q={w,..., o},
p € A(Q), M and u are defined as in information transmission games, with the only exception that u is
a function from SU {r} x Q x A to R instead of a function from {s,r} x Q x A to R. An information
aggregation game runs in the same way as an information transmission game, except that in phase 1 the
state is disclosed to all senders, and in phase 2 each sender s; sends a message m,; to the receiver.

2.3 Filtered Information Transmission Games

We are interested in settings where the sender does not have a full picture about the state of the game. In
order to model this, we will assume that, in Phase 1, the state @ is not directly disclosed to the sender,
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but that instead it goes through an information filter X : Q — A({0,1}*) that maps each state @ to a
distribution over possible signals, and these signals are binary strings of arbitrary length (we use the
notation {0, 1}* := (J,~0{0,1}"). The sender receives a signal sampled from X (@) instead of @ itself.
If I = (A,Q, p,M,u) is an information transmission game and X : Q — A({0,1}*) is a filter, we denote
by I'(X) the resulting filtered information game where the state goes through X before being disclosed
to the sender. Filtered information aggregation games are defined analogously.

For future reference, given an information transmission game I', we define a sender-optimal filter X! as a
filter in which utility that the sender gets in the best equilibrium is maximal. We define a receiver-optimal
filter X! analogously.

3 Main Results

We next address the question of finding the optimal information filters for the sender and the receiver in
information transmission games and information aggregation games. In all of our results we restrict our
attention to the case where the action set of the receiver is binary.

Theorem 1. Let "= (A,Q, p,M,u) be an information transmission game with A = {0, 1}. Then, there
exists an algorithm T that outputs a receiver-optimal filter (resp., a sender-optimal filter). The algorithm
runs in O(klogk) time, where k = |Q}|.

If there are two senders instead, the following result shows that we can reduce the problem of computing
a receiver-optimal filter to a linear programming instance where the number of variables and constraints
are linear over the number of states.

Theorem 2. Let I' = (S,A,Q, p,M,u) be an information aggregation game with |Q| =k, S = {s1,s2},
and A ={0,1}. Then, finding a receiver-optimal filter reduces to a linear programming instance with k
variables and 2k + 2 constraints.

Note that, if we focus on the receiver, we only provide results for the cases of one and two senders. If
I'=(S,A,Q, p,M,u) is an information aggregation game with |S| > 3 there is a trivial strategy profile
Guax that gives the receiver the maximal possible utility of the game with no filters. The strategies for
the senders and the receiver go as follows. The senders simply forward the state of the game to the
receiver, and the receiver plays the action that gives her the most utility on the state sent by a majority
of the senders. It is easy to check that this is indeed a Nash equilibrium: the senders do not get any
additional utility by defecting since the other senders will still send the true state (which means that the
receiver will be able to compute the true state as well), and the receiver does not get any additional utility
either since she is always playing the optimal action for each possible state. This gives the following
result.

Theorem 3. Let I' = (A, Q, p,M,u) be an information aggregation game with |S| > 3. Then, Gyax is a
Nash equilibrium that gives the receiver the maximal possible utility of the game.

In the following sections, we give algorithms that output the best Nash equilibria for the settings de-
scribed in Theorems|[I]and [2] respectively.
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4 Proof of Theorem I

In this section we provide an algorithm that outputs the receiver-optimal filter for any information trans-
mission game I'"" = (A,Q, p,M,u) with S = {s} and A = {0, 1}. The sender-optimal filter can be com-
puted analogously (we give the full description in Appendix [C)). We start with the following proposition:
Proposition 1. Let I' = (A, Q, p,M,u) be an information transmission game and let X : Q — A({0,1}*)
be an information filter. Then, there exists a Pareto-optimal Nash equilibrium & in T'(X) such that, in G,
either:

* The receiver always plays 0.
» The receiver always plays 1.

* The receiver always plays the best action for the sender.

Before proving Proposition[I|we need additional notation. First, given a filtered information transmission
game I'(X), let u;(x,a) be the expected utility of player i on signal x and action a. This expected utility
can be computed with the following equation:

ui(x,a) =Y Pr{o | x] ui(o,a),
we

where Pr]w | x| is the probability that the realized state is @ conditional on the fact that the sender received
signal x. Similarly, Pr[e | x| has the following expression:

_ Prlo— p, x+— X(0)]
Pl = aPo — p, x— X(0)]

Let Xj be the set of signals x in {X(®) } pcq such that us(x,0) > us(x, 1) (i.e., the set of signals in which
the sender prefers 0), let X; be the set of signals such that u,(x,0) < us(x,1), and X_ be the set signals
such that u(x,0) = u,(x, 1). Given a strategy profile & for I'(X), denote by o;(x,m) the probability that
the sender sends message m given signal x and denote by o, (a,m) the probability that the receiver plays
action a given message m. Moreover, let Mg’ denote the set of messages that have a strictly positive
probability to be sent by the sender on at least one signal x in which the sender prefers 0 (i.e., Mg’ is
the set of messages m such that there exists x € X such that us(x,m) > 0). We define Mf’ and MS
analogously.

With this notation, the following lemma describes all strategy profiles in I'(X) that are incentive-compatible
for the sender.

Lemma 1. A strategy profile 6 for U'(X) is incentive-compatible for the sender if and only if the following
is satisfied:

(a) If m e MZ, then 6,(0,m) > 6,(0,m’) for all messages m'.
(b) If m € MS, then 6,(1,m) > o,(1,m’) for all messages .

Lemma [I] states that, for a strategy profile to be incentive-compatible for the sender, the receiver should
play O with maximal probability on all messages that could be sent on signals in which the sender prefers
0, and the receiver should play 0 with minimal probability on all messages that could be sent on signals
in which the sender prefers 1. In particular, we have the following Corollary.
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Corollary 1. A strategy profile & for U'(X) is incentive-compatible for the sender if and only if there exist
two real numbers Cpin, Cmax € [0, 1] with lyin < lmax such that:

(a) me Mg’ = 0,(0,m) = lmax.
(b) me M? = 0,(0,m) = Luin.
(c) me M(;y = Lliin < Gr(oam) < lmax-

Proof of Lemmall] Clearly, if (a) and (b) are satisfied, then G is incentive-compatible for the sender.
Conversely, suppose that G is incentive-compatible for the sender but it doesn’t satisfy (a). This means
that there exists a signal x € X and a message m that satisfies us(x,m) > 0 and such that u,(0,m) <
u,(0,m’") for some other message m’. Therefore, if the sender sends m’ instead of m whenever it receives
signal x, it could increase its expected utility. This contradicts the fact that & is incentive-compatible for
the sender. The proof of the case in which 6 doesn’t satisfy (b) is analogous. O

Corollary 1| characterizes the necessary and sufficient conditions for a strategy profile 6 in I'(X) to be
incentive-compatible for the sender. We show next that Proposition [I] follows from adding the receiver
incentive-compatibility constraints into the mix. Denote by u?(m, 0) the receiver’s expected utility when
playing action 0 conditioned on the fact that it received message m and that the sender plays o;. Then,
we have the following cases:

Case 1: There exists m € MS such that u® (m,0) < uS(m,1): Since & is incentive-compatible for the
receiver, it must be the case that £, = 1, and therefore that 6,(0,m) = 1 for all messages m.

Case 2: There exists m € MY such that u% (m,0) > u® (m, 1): This time it must be the case that £y, = 0,
and therefore that ¢,(0,m) = O for all messages m.

Case 3:  u%(m,0) > ul(m,1) for all m € MJ and u®(m,0) < u(m,1) for all m € MZ: In this case,
consider a strategy profile G’ that is identical to G except that, whenever the receiver receives a message
m € MS, it plays action 0 with probability 1 (as opposed to probability /ay), and when the receiver
receives a message m € MO, it plays action 1 with probability 1 (as opposed to 1 — £yi). It is easy
to check that, by construction, 6’ is a Nash equilibrium that Pareto-dominates &. Even so, 6’ can be
further improved: consider a strategy profile 6* such that the sender sends message 0 whenever she
strictly prefers O to 1 or whenever she is indifferent and the receiver strictly prefers O to 1, and she sends
message 1 otherwise. Additionally, the receiver plays the action suggested by the receiver. It is easy
to check that 6* is a Nash equilibrium that Pareto-dominates G’ since the receiver plays the best action
for the sender in both cases, but in 6* she also plays the best action for herself whenever the sender is
indifferent while she may not necessarily do so in 6.

This analysis provides a refinement of Proposition[I} In fact, consider the following two strategy profiles:

 Strategy 6": Regardless of the signal received, the sender signals an empty | message. The
receiver plays the action that gives her the most utility with no information.

o Strategy G°: After receiving the signal, the sender signals her preferred action to the receiver. The
receiver plays the action sent by the sender.

We have the following characterization of Pareto-optimal Nash equilibria:
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Proposition 2 (Refinement of Proposition . If G* is incentive-compatible for the receiver, then G° is a(
Pareto-optimal Nash equilibrium of T'(X). Otherwise, 6" is a Pareto-optimal Nash equilibrium of T'(X).

Proposition [2 shows that Theorem [1|reduces to find the filter X such that the receiver (resp., the sender)
maximizes her utility by playing 6* (note that 6" gives the same utility to both players independently of
the filter applied). In the next sections we show how to efficiently compute such filters. However, before
going into it, our analysis also shows the following.

Proposition 3. If there exists a filter that strictly increases the sender’s utility, it also (weakly) increases
the receiver’s utility.

Proof. If 6* is a Nash equilibrium of T, it gives the maximum possible utility to the receiver in every
single state. Therefore, if there exists a filter X such that the sender gets more utility in I'(X) than in X, it
must be that 6" is a Pareto-optimal Nash equilibrium of I" while 6* is a Pareto-optimal Nash equilibrium
of I'(X). This lemma follows from the fact that, if 6* is a Nash equilibrium of I'(X), it gives more utility
to the receiver than G”. O

4.1 Computation of X!

In this section we show how to compute a receiver-optimal filter. As discussed in Section ] our aim
is to find a filter X! such that 6* is incentive-compatible for the receiver in ['(X}) and such that the
expected utility for the receiver with G* is as large as possible. We begin by showing an algorithm that
runs in O(klogk) time, where k is the number of states (i.e., the size of Q), and then we show the proof
of correctness for the algorithm provided.

4.1.1 An O(klogk) Algorithm

For our algorithm, we restrict our search to binary filters (i.e., filters that only send signals in {0, 1})
and later, in Lemma [2] we show that this is done without loss of generality. With this restriction, we
can describe possible filter candidates X by a function X, that maps each state @ to the probability that
X (@) outputs 0. Note that, without loss of generality, we can also restrict our search to filters in which the
sender prefers action 0 on signal 0 and prefers action 1 on signal 1 (otherwise we can re-label the signals).
If a filter satisfies this condition, we say that it is incentive-compatible for the sender. Analogously, if
the receiver prefers action 0 on signal 0 and prefers action 1 on signal 1, we say that X is incentive-
compatible for the receiver. This shows that, without loss of generality, we can search for the binary
filter that (a) is incentive-compatible for both the sender and the receiver, and (b) that gives the most
utility for the receiver.

Before we start, let Q° (resp., Q1) denote the set of states in which both the sender and the receiver prefer
0 (resp., both prefer 1) and let Q(l) (resp., Q(l)) denote the set of states in which the sender strictly prefers
0 and the receiver strictly prefers 1 (resp., the sender strictly prefers 1 and the receiver strictly prefers 0).
The following algorithm outputs the optimal filter XF7 for the receiver.

Step 1 Set (X!).(@) =1 forall @ € Q°.
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Step 2 Set (X!).(®) =0 forall € Q!

Step 3 Sort all states @ € Q(l) U Q? according to the value %. Let o', 0?, ..., ¥ be the result-
ing list.

Step 4 Set (X!).(w) =1 for all ® € Qf and (X}).(w) =0 for all @ € Q). If the resulting filter is
incentive-compatible for the sender, output X!

Step 5 For i = 1,2,...,k do the following. If (X!).(®) is set to 1 (resp., to 0), set it to O (resp., to
1). If the resulting filter is incentive-compatible for the sender, find the maximum (resp., the
minimum) ¢ such that setting (X!).(®') to g is incentive-compatible for the sender (we show in
Appendix |A| that it can be computed with a linear equation with amortized cost). If the result-
ing filter is incentive-compatible for the receiver, output X!, otherwise output the constant filter
(xM), =0.

It is important to note that the algorithm always terminates, since if we get to X’ in step 5, the resulting
filter will always output the signal that the sender prefers. In Appendix [A] we show how to compute ¢
and check the incentive-compatibility of the sender and of the receiver in amortized linear time, and in
Appendix [B|we show that the algorithm indeed produces the correct output.

5 Proof of Theorem 2

The proof of Theorem [2| follows from the following result of Arieli et al. [1] describing the character-
ization of the best Nash equilibrium in information aggregation games with two senders, one receiver,
binary actions and a mediator.

Theorem 4 ([1]). Let I = {S,A,Q,p,u} be an information aggregation game with S = {s1,s2} and
A ={0,1} in which the players can communicate with a third-party mediator. Given i, j,k € {0,1}, let
Qf ; be the set of states in which s prefers action i, s, prefers action j, and the receiver prefers action k.
Let also Q; ; :== ng U Ql{j. Consider the following six maps My, M, M3, M4, Ms, Mg from Q to [0,1]:

(a) My(®)=1forall ® € Q870 and M, (@) = 0 otherwise.
(b) My(®)=0forall ® € Q%J and Mr(®) = 1 otherwise.
(c) Mz(@) =1 forall ® € Qyo UL, and M3(®) = 0 otherwise.
(d) My(w) =1 forall ® € QyoUQ o and Msy(®) = 0 otherwise.
(@)
(@)

(e) Ms5(w) =1 forall ® € Q.
(f) Mg(®@) =0 forall o € Q.

Then, there exists ani € {1,2,3,4,5,6} and a Nash equilibrium of T that maximizes the receiver’s utility
in which the function that maps each state to the probability that the receiver ends up playing 0 is equal
to M;.

Intuitively, Theorem [] states that if there were no filters and the two senders had access to a third-party
mediator, there exists a Nash equilibrium that is optimal for the receiver in which the either (a) the
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receiver only plays O if all three players prefer O, (b) the sender plays 1 if and only if all three players
prefer 1, (c) the receiver always plays what the first sender prefers, (d) the receiver always plays what
the second sender prefers, (e) the receiver plays always 0, or (f) the receiver plays always 1. In the
setting described in Section [2] players have no access to a mediator. However, we can easily check if
the outcomes described in (a), (b), (¢), (d), (e) or (f) are incentive-compatible for the receiver (i.e., if
the receiver gets more utility with the outcome than when playing with no information), there exists a
strategy in I" (without the mediator) that implements these outcomes.

For instance, suppose that we want to implement the outcome described in (a). Consider the strategy
profile 6(®9 in which each sender sends a binary signal m € {0, 1} to the receiver that is equal to 0 if
and only if the realized state is in 9870, and the receiver plays O only if both signals are 0. It is easy to
check that this is incentive-compatible for the senders: if the realized state is indeed in Qg o- it 1s a best
response for both to send 0 since it guarantees that the receiver will play 0. Moreover, if the realized state
is not in Qg_o, none of the senders gets any additional utility by defecting from the main strategy since
the other sender will always send signal 1 (which implies that the receiver will play 1). An analogous
reasoning gives a strategy profile &(1'!) that implements (b) and is incentive-compatible for the senders.
To implement (c), consider the strategy profile 6*! in which both senders send a binary signal m € {0,1}
that is equal to 0 if and only if the realized state is in Qg o U£20 1, and the receiver plays 0 if and only if the
signal from the first sender is 0. Again, it is straightforward to check that this is incentive-compatible for
the senders: it is a best-response for sender 1 to send its preference, while it doesn’t matter what sender
2 sends since it will be ignored. Implementing (d) with a strategy profile G2 that is incentive-compatible
for the senders is analogous. To implement (e) (resp., (f)) consider the strategy profile G° (resp., &!) in
which the senders send signal O regardless of the realized state and the receiver always plays O (resp., 1).
It is easy to check that 6° (resp., G!) are incentive-compatible for the senders. Since all outcomes that
are implementable without a mediator are also implementable with a mediator, this implies the following
proposition:

Proposition 4. Let ' = {S,A,Q, p,u} be an information aggregation game with S = {sy,s2} and A =
{0,1}. Then, either G°, G, 600 (L) 851 or G52 is a Nash equilibrium that is optimal for the receiver:

Proposition ] implies that we can break the problem of finding the receiver-optimal filter in an informa-
tion aggregation game into four sub-problems:

(a) Finding a filter (X! (0,0) Such that 6(%0) gives the maximal utility for the receiver in
(b) Finding a filter
(c) Finding a filter
(d) Finding a filter (X,

(

(er ) such that g(1:1) gives the maximal utility for the receiver in
(er )si such that G gives the maximal utility for the receiver in I'((X, ,r )s;)-
(XF)s, )s2)

such that %2 gives the maximal utility for the receiver in I'((X!

Note that these filters might not always exist (for instance, (X! )(070) does not exist when the receiver
always prefers 0 and the senders always prefer 1). Moreover, we are not including the optimal filters
for 60 and G! since all filters give the same utility with these strategies. Finding (X[),, and (X[)s,
(whenever they exist) reduce to the case of one sender (by ignoring s and sy, respectively), and thus can
be solved with the O(klogk) algorithm presented in Sectlon We next show how to compute (X, )(0 0)
using a linear program with k variables and 2k + 2 constraints. Computing (X, )(1 1) 18 analogous.

Suppose that X is a filter that maximizes the receiver utility in ['(X) when playing strategy 609 Denote
by M, the set of signals of X in which both senders and the receiver prefer 0 to 1. Consider a filter X’
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that samples a signal m according to X and does the following: if m € M), it sends signal 0. Otherwise,
it sends signal 1. It is straightforward to check that if 6(*%) is a Nash equilibrium in ', it is also a Nash
equilibrium in T'(X’). Moreover, players get the same utilities with X and X', which means that X" also
maximizes the receiver’s utility. This implies that we can restrict our search to binary filters in which all
players prefer action O on signal 0 and the receiver prefers action 1 on signal 1.

Our aim then is finding a binary filter X such that both senders and the receiver prefer action 0 on
signal 0, the receiver prefers action 1 on signal 1, and such that the receiver gets the maximal possible
utility by playing O on signal 0 and 1 on signal 1. Let ®;,®,,...,®; be the elements of Q and define
A; = u(sy1,0;,0) —u(sy,w;, 1), Bi := u(sy, ®;,0) — u(sz, w;,1) and C; := u(r,@;,0) — u(r,w;,1). A binary
filter X over € can be described by a sequence of k real numbers x1,...,x; between 0 and 1 such that x;
denotes the probability that the filter sends signal O on state @;. The condition that both senders prefer
action 0 on signal O translates into

Y5 Axi >0
Y5 Bix; > 0.

Moreover, the utility of the receiver with filter X and strategy (*) is given by Y* | (x; - u(r, @;,0) 4 (1 —
x;) -u(r,w;,1)). This sum can be rearranged into Zi-;l u(r,w;, 1)+ Zf‘:l Cix;. Therefore, finding a filter
(xt )(0,0) such that 6(%9) gives the maximal utility for the receiver in (X} )(0,0)) reduces to solving the
following linear programming instance:

max Y} Cix;

Y5 Axi >0

Yi Bix;>0
0<xi<1 Vielk.

Note that, even though we are maximizing the receiver’s utility, it may be the case that (%% is not

incentive-compatible for the receiver in I'((X} )(0,0))- For instance, the receiver might prefer playing 0
whenever the senders send 1. If such a thing happens (which can be tested in linear time), it means that
there is no filter satisfying the desired conditions.

6 Conclusion

In this paper we showed that garbling the information of the sender can sometimes increase the play-
ers’ utilities in information transmission and information aggregation games. We also provide efficient
algorithms that compute the optimal information garbling for the sender and for the receiver. However,
this paper leaves three important open questions. First if the algorithm presented in Section [d.T| can be
generalized to three or more actions. Second, if we can design a polynomial algorithm for Theorem [2]
that does not require linear programming. Third, if we can construct an efficient algorithm that outputs
the best filter for one of the senders in an information aggregation game with multiple senders.
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A Checking Incentive-Compatibilities and Computing g in Amortized Lin-
ear Time

In this section we show how to check the players’ incentive-compatibilities and how to compute g in
amortized linear time. For this purpose, let d; (resp., d;) denote the difference in utility for the sender
(resp., for the receiver) between playing 0 and playing 1. More precisely,

df = ug(@;,0) — us(w;, 1)
dlr = Ltr((i)i,()) — ur(a)i, 1)
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Then, given a binary filter X, 6* is incentive-compatible for the sender in '} if and only if

Yip(o)-d}-X.(w;) >0 0
Yip(w)-di-(1-X. (o)) <O0.

The first and second equation state that the sender prefers 0 on signal 0 and prefers 1 on signal 1, respec-
tively. Similarly, 6* is incentive-compatible for the receiver in I’y if and only if

2

It is straightforward to check that the incentive-compatibility equations for the sender monotonically
increase and decrease, respectively, whenever we iterate in the fifth step of the algorithm. Therefore, we
can simply pre-compute the sums

Y3 = Leas P(0) - (4(@,0) — (@, 1))
Y= Ypear P(0) - ((®,0) — uy(@, 1))

WS =% ieqy P(@7) - (uy(07,0) — uy(@7,1))
WS = ¥ e p(07) - (1, (07,0) — (@7, 1))
WS = 8o ey P() - (1, (07,0) — uy (@7, 1))
WS = e ey P(07) - (us(07,0) — (07, 1))

and their analogues for the receiver:

Y5 =L peqn (@) (1(@,0) — 1r(,1))
Y] = L peqr P(0) - (1:(,0) — ur(0,1))

WS = X icay P(0) - (ur(07,0) — (@, 1))
W =X i P(0) - ((07,0) — (), 1))
W = ¥ aican P(0) - (1:(7,0) — (7, 1))
Wi =1, wfegomwf) (1, (7,0) — (@7, 1))

Note that these sums can be computed in amortized linear time over the total number of states. Once this
sums are computed, if we are in the ith iteration of Step 5, to find ¢ we can check in constant time if the
solution of any of the following linear equations is in [0, 1]:

Y5+ W 4 p(0h) g us(0,0) —ug(@,1) + W5 =0
Y1S+V‘/iff’s)+l?(0)i)'(1 Q)'us(w,O)—us(a),l)+mfl N _.

If there exists such solution ¢, to check that it is incentive-compatible for both players, we should simply
check if the following inequalities are satisfied:
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Y5+ W 4 p(0h) g us(0,0) — ug(@,1) + W5 >0
Yi+ WS 4 p(of) - (1-q) - us(@,0) — us(o, 1)+W( " <.
Y+ W+ p(0) - - ur(@,0) — u(@,1) + W5 >0
Y W 4 p(a) - (1—g) -1 (@,0) —ur(@,1) + W <0,

All of these computations can be performed in constant time if the necessary sums are pre-computed,
which completes the description of the algorithm. Note that it runs in O(klogk) time since it takes
O(klogk) operations to sort the elements of Q) UQY, O(k) operations to compute the sums, and O(1)
operations in each iteration of Step 5. In the next section, we show that the algorithm’s output is correct.

B Proof of Correctness of

In this section, we show that the algorithm 7 presented in Section [4.1]is correct. We begin by showing
that we can indeed restrict our search to binary filters.

Lemma 2. Ler X be a filter such that 6° is incentive-compatible for the receiver in I'(X). Then, there
exists a binary filter X' such that

(a) G* is incentive-compatible for the receiver in I'(X'").

(b) With strategy profile G°, the expected utility of the receiver in U'(X) and T'(X") is identical.

Proof. Recall that G* is a strategy profile in which, for each possible signal x, the sender sends its
preferred action and then the receiver plays whatever is sent by the sender. This means that, if & is
incentive-compatible for the receiver in I'(X ), then we can merge all signals in which the sender prefers
0, and also merge all signals in which the sender prefers 1. More precisely, given filter X, let Xy and X;
be the sets of signals in which the sender prefers 0 and 1 respectively. Consider a filter X’ that sends
signal 0 whenever X would send a signal in Xj, and sends signal 1 whenever X would send a signal in
X;. In ['(X'), by construction, both the sender and the receiver prefer action 0 on signal 0 and action 1
on signal 1. This means that G* is a Nash equilibrium of I'(X"). Moreover, again by construction, the
expected utility of the receiver (and the sender) when playing 6* in I'(X’) is identical to the one they’d
getin I'(X). O

Recall that binary filters X can be described by a function X, : Q — [0, 1] that maps each state ® € Q
to the probability that X (@) assigns to 0. Because of Lemmal(l} our aim is to find which values in [0, 1]
we should assign to each element in Q. The following lemmas characterizes these values.

Lemma 3. There exists a filter X' that maximizes the utility for the receiver such that

(a) (XI).(@)=1forall ® € QY.
(b) (X1).(@) =0 forall € QL.
(c) At most one state ® € QY UQY satisfies that (X} ).(®) € {0,1}.
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Proof. Given a binary filter X, if we increase X, (®;) by &€, the expected utility of the receiver increases
by € p(@y) - d!. This means that, if d; > 0 and d/ > 0, setting X, (®;) to 1 increases the receiver’s utility
and preserves the incentive-compatibility constraints (see Equations [T] and [2). Analogously, the same
happens by setting X, (@;) to 0 when d? < 0 and d/ < 0. This proves (a) and (b).

To prove (c) suppose that there exist two states @; and ®; such that X7 (@), XOFT (w;) € {0,1}. Then,
because of (a) and (b) we can assume without loss of generality that @;, ®; € Q(l) U Q(l). Therefore, if we
increase X, (@;) by € -d; and decrease X, (®;) by € -d;, we’d have that the sender’s utility and incentive-
compatibility constraints remain unchanged, but the receiver’s utility increases by € - (djd,-’ —d;d; ) (note
that this value can be negative). This means that if we choose an € that is small enough and is of the
same sign as djd; —d;d;}, not only the expected utility of the receiver increases, but also the values
Y. p(w)-dl-X.(w;) and Y; p(®;) -d} - (1 — X..(;)) increase and decrease respectively. This contradicts
the fact that the filter X! is optimal for the receiver. O

Lemma shows that we can assign (X!).(@) =1 for all ® € Q), (X!).(®) = 0 for all @ € QY, and
either probability 1 or probability O to all but at most one of the remaining states. Ideally, we would like
to assign probability 1 to all states in Q(l) and probability O to all states in Q7, since this guarantees that the
receiver gets the maximum possible utility. However, this may not always be incentive-compatible for
the sender, which means that we may have to assign to some of the states the probability that the sender
prefers, as opposed to the probability that the receiver prefers. The following lemma characterizes these
states.

Lemma 4. Given an information transmission game I'' = (A, Q, p,u), let ®', ®?,. .., o' be the states
in Q(l) U Q(l) sorted by % Then, there exists a binary filter X! that is optimal for the receiver
and a value V' < ¢ such that:

(a) (XI).(0)=1forall ® € QF,
(b) (X1).(@) =0 forall € QL.
(c) Fori<?, (X! (0)=0ifowecQ)and (X).(0))=1if 0 € Q.
(d) Fori> "/, (XD).(0)=0ifo € Q) and (X!).(0') =0if w € Q.

Lemma 4] states that, if we sort the states in which the sender and the receiver have different preferences
by the ratio between how much the receiver prefers 0 with respect to 1 and how much the sender prefers
1 with respect to O (note that these ratios are always positive), we get that we can split these states into
two contiguous blocks in which, in the first block, we assign them the probability that is most convenient
for the sender, and for the second block we assign them the probability that is most convenient for the
receiver. The proof follows the lines of that of Lemma 3] part (c).

. ot (0,0)—u (0,1 (@0 ,0)—u (@1
Proof of Lemma[d}, Given two states @, ®' € QLUQY, we say that ® < o' if ZJEw,lg—ZSEw,O; Zséa)/,lg—zsgw',o; .

Using the same argument as in the Proof of Lemma 3] we can assume w.l.o.g. that (a) and (b) are satis-
fied. Thus, it only remains to show (c) and (d), which follow from the fact that there exists an there exists
an optimal binary filter X! for the receiver such that:

D) Ifo,0' €Q), 0 < @ and (X).(w) > 0, then (X} ). (') = 1.
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(2) fw,0' €Q), < @ and (X}).(w) < 1, then (X} ). (') = 0.
(s3) fweQ), 0 eQ), <o and (X!).(®) >0, then (X!).(0') =0
) FowecQl, o cQl o< o and (X"),(w) <1, then (X"),(0) =1

We will prove (s1) and (s3), the proofs of (s2) and (s4) are analogous.

Proof of (s1): Suppose that there exist ®, ®' € QY such that @ < ' and (X!)..(®) > 0, but (X}).(0') <
1. If this happens, we can set

(X7 )
(X7)(

r

) < (X7)() +&(us(,0) —us(a, 1))

r

N — (XD)u(0) + (us(o,1) — us(®,0)).

r

®
®
Since us(@’,0) —uy(@’',1)) < 0 and us(@,0) —us(w, 1) < 0, there exists some € > 0 that is small enough

so that X?FT (@) and (X! ). () stay between 0 and 1. Moreover, as in the proof of Lemmapart (c), if
we perform this change the sender’s utility remains unchanged, but the receiver’s utility increases by

A= e((uy(@,0) — us(0', 1)) (1t (,0) — ey (@, 1)) + (s (0, 1) — (0, 0)) (s (@, 0) — ur (@', 1))).

By assumption, we have that

ur(0,0) —u(0,1)  u(0,0)—u (1)
us(@,1) —1,(©,0) ~ us(@, 1) —us(@,0)

which, together with the fact that us(®, 1) —uy(®,0) > 0 and uy(@’, 1) —u,(®’,0) > 0, implies that A > 0
whenever € > 0.

Proof of (s3): The proof is almost identical to that of (s1). Suppose that there exist ® € QY, @’ € Q(l)
such that 0 < @', (X1).(®) > 0 and (X! ), (@) > 0. In this case, we can again set
(X7 )«(@) +— (X} )u(@) + &(us(@, 1) —us(',0))

r

(X7)s(@') ¢ (X7) (@) + &(us(@,0) — us(@, 1)).

The only difference with the proof of (s1) is that, in this case, us(®,0) — us(@,1) < 0 and uy(®’,0) —
ug(@’,1) > 0. Again, there exists a sufficiently small € > 0 such that (X!),(®) and (X!).(®’) remain
between 0 and 1. Moreover, a straightforward computation shows that the sender’s utility remains un-
changed, but that the receiver’s utility changes by

A= e((us(@',1) — ug(@',0)) (s (0,0) — ur (@, 1)) + (us(@,0) — ey (0, 1)) (ur (@', 0) — (', 1))).

Using that
ur(0,0) —u(0,1)  u(0',1)—u(',0)
us(@0,1) —us(@,0) ~ us(@,0) —us(@’', 1)’
us(@,1) — ug(@,0) > 0, and us(@’,0) — us(@’, 1) > 0, we get that A > 0 whenever € > 0. O

Lemma [ shows that the algorithm provided in Section 1] outputs the correct solution as long as it
computes the right value of ¢ in Step 5. The next lemma shows that this value is precisely the one that
the algorithm finds. This completes the proof of correctness.
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Lemma 5. Let X be the filter that assigns (X})«(@) =1 for ® € QQUQY and (X}).(®) = 0 for
weQlu Q(l). If X}; is incentive-compatible for the sender, (X}; ) is the optimal filter for the receiver that
is incentive-compatible for both players. Otherwise, all filters X that are incentive-compatible for both
players and are optimal for the receiver satisfy at least one of the following equations:

Proof. Filter X}; gives the maximum utility to the sender of all possible filters. Therefore, if it is
incentive-compatible for the sender, it is the optimal for the receiver. Suppose instead that X} is not
incentive-compatible for the sender but that an optimal filter X! satisfies

Lip(@n)-di - Xe(@) >0

Yip(w)-df-(1—-X.(wy)) <O. 3)

Since Xlg is not IC for the sender, there exists a state @ € €01 such that (er )« > 0 orastate @ € Q9
such that (X1), < 1. In the first case, we can decrease (X!). by a small value € > 0 such that Equation
is still satisfied. By doing this, we increase the receiver’s expected utility while obtaining a new filter that
is still incentive-compatible for both players. The latter case is analogous except that we increase (X! ).
instead of decreasing it. O

C Constructing a Sender-Optimal Filter

In this section we show how to construct a sender-optimal filter X! in an information transmission game.
Intuitively, the high level construction is the same as the one given in Section 4.1] but “reversing” the
roles of the sender and he receiver. More precisely, the construction is as follows.

Step 1 Set (X!).(w) =1 forall ® € Q°.

Step 2 Set (XI).(w) =0 forall ® € Q.

Step 3 Sort all states @ € Q(l) U Q(l) according to the value % Let o', w?,..., o¥ be the result-
ing list.

Step 4 Set (X!).(w) =1 for all ® € Q) and (X).(®) =0 for all @ € Q. If the resulting filter is
incentive-compatible for the receiver, output X! .

Step 5 Fori=1,2,...,k' do the following. If (X]). (') is set to 1 (resp., to 0), set it to O (resp., to 1). If
the resulting filter is incentive-compatible for the receiver, find the maximum (resp., the minimum)
g such that setting (XI'). (') to ¢ is incentive-compatible for the receiver. If the resulting filter is
incentive-compatible for the sender, output X, otherwise output the constant filter (X!, = 0.

The proof of correctness is analogous to the one shown in Section B}
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